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Abstract
In this paper we study commutative rings R whose prime ideals are direct sums of
cyclic modules. In the case R is a finite direct product of commutative local rings,
the structure of such rings is completely described. In particular, it is shown that for
a local ring (R,M), the following statements are equivalent: (1) Every prime ideal
of R is a direct sum of cyclic R-modules; (2) M =
⊕
λ∈Λ
Rwλ and R/Ann(wλ) is a
principal ideal ring for each λ ∈ Λ; (3) Every prime ideal of R is a direct sum of at
most |Λ| cyclic R-modules; and (4) Every prime ideal of R is a summand of a direct
sum of cyclic R-modules. Also, we establish a theorem which state that, to check
whether every prime ideal in a Noetherian local ring (R,M) is a direct sum of (at
most n) principal ideals, it suffices to test only the maximal ideal M.
1. Introduction
It was shown by Ko¨the [8] that an Artinian commutative ring R has the property that
every module is a direct sum of cyclic modules if and only if R is a principal ideal ring.
Later Cohen-Kaplansky [6] obtained the following result: “a commutative ring R has the
property that every module is a direct sum of cyclic modules if and only if R is an Artinian
principal ideal ring.” (Recently, a generalization of the Ko¨the-Cohen-Kaplansky theorem
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have been given by Behboodi et al., [2] for the noncommutative setting.) Therefore, an
interesting natural question of this sort is “Whether the same is true if one only assumes
that every ideal of R is a direct sum of cyclic modules?” More recently, this question
was answered by Behboodi et al. [3] and [4] for the case R is a finite direct product of
commutative local rings.
We note that two theorems from commutative algebra due to I. M. Isaacs and I. S.
Cohen state that, to check whether every ideal in a ring is cyclic (resp. finitely generated),
it suffices to test only the prime ideals (see [7, p. 8, Exercise 10] and [5, Theorem 2]). So
this raises the natural question: If every prime ideal of R is a direct sum of cyclics, can
we conclude that all ideals are direct sums of cyclics? This is not true in general. In [3,
Example 3.1], for each integer n ≥ 3, we provide an example of an Artinian local ring R
such that every prime ideal of R is a direct sum of cyclic R-modules, but there exists a two
generated ideal of R which is not a direct sum of cyclic R-modules. Therefore, another
interesting natural question of this sort is “What is the class of commutative rings R for
which every prime ideal is a direct sum of cyclic modules?” The goal of this paper is to
answer this question in the case R is a finite direct product of commutative local rings.
The structure of such rings is completely described.
Throughout this paper, all rings are commutative with identity and all modules are
unital. For a ring R we denote by Spec(R) and Max(R) for the set of prime ideals
and maximal ideals of R, respectively. We denote the classical Krull dimension of R by
dim(R). Let X be either an element or a subset of R. The annihilator of X is the ideal
Ann(X) = {a ∈ R | aX = 0}. A ring R is local (resp. semilocal) in case R has a unique
maximal ideal (resp. a finite number of maximal ideals). In this paper (R,M) will be a
local ring with maximal ideal M. A non-zero R-module N is called simple if it has no
submodules except (0) and N .
For a ring R, it is shown that if every prime ideal of R is a direct sum of cyclic R-
modules, then dim(R) ≤ 1 (Proposition 2.1). Let R be a semilocal ring such that every
prime ideal of R is a direct sum of cyclic R-modules. Then: (i) R is a principal ideal ring
if and only if every maximal ideal of R is principal (Theorem 2.4); (ii) R is a Noetherian
ring if and only if every maximal ideal of R is finitely generated (Theorem 2.5). Also,
in Proposition 2.6, it is shown that if for each M ∈ Max(R), M = ⊕λ∈ΛRwλ such that
for each λ ∈ Λ, R/Ann(wλ) is a principal ideal ring, then every prime ideal of R is a
direct sum of cyclic modules. However Example 2.7 shows that the converse is not true in
general, but it is true when R is a local ring (see Theorem 2.10). In particular, in Theorem
2.10, we show that for a local ring (R,M) the following statements are equivalent:
(1) Every prime ideal of R is a direct sum of cyclic R-modules.
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(2) M =
⊕
λ∈ΛRwλ and R/Ann(wλ) is a principal ideal ring for each λ ∈ Λ.
(3) Every prime ideal of R is a direct sum of at most |Λ| cyclic R-modules.
(4) Every prime ideal of R is a summand of a direct sum of cyclic R-modules.
Also, if (R,M) is Noetherian, we show that the above conditions are also equivalent
to: (5) M is a direct sum of cyclic R-modules (see Theorem 2.12); which state that, to
check whether every prime ideal in a Noetherian local ring (R,M) is a direct sum of (at
most n) principal ideals, it suffices to test only the maximal ideal M.
Finally, as a consequence, we obtain: if R = R1 × · · · ×Rk, where each Ri (1 ≤ i ≤ k)
is a local ring, then every prime ideal of R is a direct sum of cyclic R-modules if and only
if each Ri satisfies the above equivalent conditions (see Corollary 2.14). We note that the
corresponding result in the case R =
∏
λ∈ΛRλ where Λ is an infinite index set and each
Rλ is a local ring, is not true in general (see Example 2.15).
2. Main Results
We begin with the following evident useful proposition (see [4, Proposition 2.5]).
Proposition 2.1. Let R be a ring. If every prime ideal of R is a direct sum of cyclic
R-modules, then for each prime ideal P of R, the ring R/P is a principal ideal domain.
Consequently, dim(R) ≤ 1.
Proof. Assume that every prime ideal of R is a direct sum of cyclic R-modules and P ⊆ Q
are prime ideals of R. Since Q is direct sum of cyclics, we conclude that Q/P is a principal
ideal of R/P . Thus every prime ideal of the ring R/P is principal and hence by Lemma
2.1, R/P is a PID. Since this holds for all prime ideals P of R, thus dim(R) ≤ 1. 
The following two famous theorems from commutative algebra are crucial in our in-
vestigation.
Lemma 2.2. (Cohen [5, Theorem 2]) Let R be a commutative ring. Then R is a Noethe-
rian ring if and only if every prime ideal of R is finitely generated.
Lemma 2.3. (Kaplansky [7, Theorem 12.3]) A commutative Noetherian ring R is a
principal ideal ring if and only if every maximal ideal of R is principal.
The following theorem is an analogue of Kaplansky’s theorem.
Theorem 2.4. Let R be a semilocal ring such that every prime ideal of R is a direct sum
of cyclic R-modules. Then R is a principal ideal ring if and only if every maximal ideal
of R is principal.
Proof. (⇒) is clear.
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(⇐). We can write R = R1 × . . . × Rn where each Ri is an indecomposable ring (i.e., Ri
has no any nontrivial idempotent elements). Clearly every prime ideal of R is a direct
sum of cyclic R-modules if and only if every prime ideal of Ri is a direct sum of cyclic
R-modules for each 1 ≤ i ≤ n. Also, every maximal ideal of R is principal if and only if
every maximal ideal of Ri is principal for each 1 ≤ i ≤ n. Thus without loss of generality,
we can assume that R is an indecomposable ring. Also, by Proposition 2.1, dim(R) ≤ 1.
Suppose, contrary to our claim, that R is not a principal ideal ring. Thus by Lemma
2.2, R is not a Noetherian ring. Thus by Lemma 2.2, there exists a prime ideal P of R
such that P =
⊕
λ∈ΛRwλ where Λ is an infinite index set and 0 6= wλ ∈ R for each λ ∈ Λ.
Thus P is not a maximal ideal of R and so it is a minimal prime ideal of R.
For each λ ∈ Λ, there exists a maximal submoduleKλ of Rwλ and so Ann(Rwλ/Kλ) =
M for some maximal ideal M of R. Since Max(R) is finite and |Λ| =∞, we can assume
that {1, 2} ⊆ Λ and there exists M∈ Max(R) such that
Ann(Rw1/K1) =M = Ann(Rw2/K2).
Now set P = Rw1 ⊕ Rw2 ⊕ L where L is an ideal of R and R¯ := R/(K1 ⊕ K2 ⊕ L).
Since M(Rwi/Ki) = (0) for i = 1, 2 and
P¯ = P/(K1 ⊕K2 ⊕ L) ∼= (Rw1 ⊕Rw2)/(K1 ⊕K2) ∼= R/M⊕R/M
we conclude that M¯P¯ = (0). It follows that P¯ is the only non-maximal prime ideal of
R¯. Thus by Lemma 2.2, R¯ is a Noetherian ring (since P¯ is finitely generated and every
maximal ideal of R¯ is cyclic) and so by Lemma 2.3, R¯ is a principal ideal ring. But P¯ is
a direct sum of two isomorphic simple R-modules (so P¯ is a 2-dimensional R/M-vector
space) and hence it is not a cyclic R-module, a contradiction. 
Also, the following result is an analogue of Cohen’s theorem.
Theorem 2.5. Let R be a semilocal ring such that every prime ideal of R is a direct sum
of cyclic R-modules. Then R is a Noetherian ring if and only if every maximal ideal of R
is finitely generated.
Proof. (⇒) is clear.
(⇐). We can write R = R1 × . . . × Rn where each Ri is an indecomposable ring (i.e.,
Ri has no any nontrivial idempotent elements). Thus without loss of generality, we can
assume that R is an indecomposable ring with maximal idealsM1,M2, . . . ,Mk. Then by
Proposition 2.1, dim(R) ≤ 1. Suppose, contrary to our claim, thus by Lemma 2.2, there
exists a prime ideal P of R such that P =
⊕
λ∈ΛRwλ where Λ is an infinite index set and
0 6= wλ ∈ R for each λ ∈ Λ. Thus P is not a maximal ideal of R and so it is a minimal
prime ideal of R. Also, by hypothesis for each 1 ≤ i ≤ k, there exist xi1, . . . , xini ∈ R such
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that
Mi = Rxi1 ⊕Rxi2 ⊕ . . .⊕Rxini .
Since P is a non-maximal prime ideal, without loss of generality, we can assume that
x11, x21, . . . , xk1 /∈ P . It follows that Rxi2 ⊕ . . .⊕Rxini ⊆ P for each i = 1, . . . , k. Set
L = (Rx12 ⊕ . . .⊕Rx1n1) + (Rx22 ⊕ . . .⊕Rx2n2) + . . .+ (Rxk2 ⊕ . . . ⊕Rxknk)
Then L ⊆ P and so L ⊆
⊕
λ∈Λ′ Rwλ where Λ
′ is a finite subset of Λ.
Clearly, for each λ ∈ Λ, there exists a maximal submodule Kλ of Rwλ and hence
Ann(Rwλ/Kλ) =M for some maximal idealM of R. Since Max(R) is finite and |Λ| =∞,
we can assume that {1, 2} ⊆ Λ and there exists M ∈Max(R) such that
Ann(Rw1/K1) =M = Ann(Rw2/K2).
Now we can assume that P = Rw1 ⊕Rw2 ⊕ L such that
⊕
λ∈Λ′ Rwλ ⊆ L. Set
R¯ = R/(K1 ⊕K1 ⊕ L).
Since M(Rwi/Ki) = (0) for i = 1, 2 and
P¯ = P/(K1 ⊕K2 ⊕ L) ∼= (Rw1 ⊕Rw2)/(K1 ⊕K2) ∼= R/M⊕R/M,
we conclude that M¯P¯ = (0). It follows that P¯ is the only non-maximal prime ideal of R¯.
On the other hand, for each 1 ≤ i ≤ k, Rxi2 ⊕ . . . ⊕ Rxini ⊆
⊕
λ∈Λ′ Rwλ ⊆ L. Thus we
conclude that every maximal ideal of R¯ is cyclic. Thus by Theorem 2.4, R¯ is a principal
ideal ring. But P¯ is a direct sum of two isomorphic simple R-modules (so P¯ is a 2-
dimensional R/M-vector space), and hence it is not a cyclic R-module, a contradiction. 
Proposition 2.6. Let R be a ring. If for each M ∈ Max(R), M =
⊕
λ∈ΛRwλ such
that for each λ ∈ Λ, R/Ann(wλ) is a principal ideal ring, then every prime ideal of R is
a direct sum of cyclic modules.
Proof. Assume that P is a non-maximal prime ideal of R. There exists a maximal ideal
M ∈ Max(R) such that P $ M =
⊕
λ∈ΛRwλ. Thus there exists a λ0 ∈ Λ such that
wλ0 /∈ P . Thus,
⊕
λ∈Λ\{λ0}
Rwλ ⊆ P and so by modular property, we have
P = P ∩M = (P ∩Rwλ0)⊕ (
⊕
λ∈Λ\{λ0}
Rwλ).
Now since P ∩Rwλ0 ⊆ Rwλ0
∼= R/Ann(Rwλ0) and R/Ann(Rwλ0) is a principal ideal ring,
we conclude that P ∩Rwλ0 is cyclic. Therefore, P is a direct sum of cyclic modules. 
However the following example shows that the converse of Proposition 2.6, is not true
in general, but we will show in Theorem 2.10, it is true when R is a local ring.
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Example 2.7. Let R be the subring of all sequences from the ring
∏
i∈N Z2 that are
eventually constant. Then R is a zero-dimensional Boolean ring with minimal prime
ideals Pi = {{an} ∈ R | ai = 0} and P∞ = {{an} ∈ R | an = 0 for large n} (See
[1]). Clearly, each Pi is cyclic (in fact Pi = Rvi where vi = (1, 1, · · · , 1, 0, 1, 1, · · · )) and
P∞ =
⊕
i∈N Z2 =
⊕
i∈NRwi where wi = (0, 0, · · · , 0, 1, 0, 0, · · · ). Thus every prime ideal of
R is a direct sum of cyclic modules. But the factor ring R/Ann(v1) = R/Ann(0, 1, 1, 1, · · · )
is not a principal ideal ring (since prime ideal P∞/Ann(v1) is not a principal ideal of
R/Ann(v1)). Also, one can easily to see that if P1 =
⊕
λ∈ΛRzλ where Λ is an index set
and zλ ∈ P1, then |Λ| = 1 and P1 = Rzλ = Rv1. Thus the converse of Proposition 2.6 is
not true in general.
By using Nakayama’s lemma, we obtain the following lemma.
Lemma 2.8. Let R be a ring and M be an R-module such that M is a direct sum of a
family of finitely generated R-modules. Then Nakayama’s lemma holds for M (i.e., for
each I ⊆ J(R), if IM =M , then M = (0)).
Lemma 2.9. (See Warfield [9, Proposition 3]) Let R be a local ring and N an R-module.
If N = ⊕λ∈ΛR/Iλ where each Iλ is an ideal of R, then every summand of N is also a
direct sum of cyclic R-modules, each isomorphic to one of the R/Iλ.
The following main theorem is an answer to the question ”What is the class of local
rings R for which every prime ideal is a direct sum of cyclic modules?”
Theorem 2.10. Let (R,M) be a local ring. Then the following statements are equivalent:
(1) Every prime ideal of R is a direct sum of cyclic R-modules.
(2) M =
⊕
λ∈ΛRwλ and R/Ann(wλ) is a principal ideal ring for each λ ∈ Λ.
(3) Every prime ideal of R is a direct sum of at most |Λ| cyclic R-modules.
(4) Every prime ideal of R is a summand of a direct sum of cyclic R-modules.
Proof. (1) ⇒ (2). First, we assume that M is cyclic and so M = Rx for some x ∈ M.
If Spec(R) = {M}, then by Lemma 2.2, R is a Noetherian ring and by Lemma 2.3, R is
a principal ideal ring. Therefore, R/Ann(x) is a principal ideal ring. If Spec(R) 6= {M},
then for each non-maximal prime ideal P of R, x /∈ P $ M. Thus Px = P and so by
Lemma 2.8, P = 0. Thus R is a principal ideal domain and so R/Ann(x) is principal ideal
ring.
Now assume that M is not cyclic. Then by hypothesis M =
⊕
λ∈ΛRwλ such that Λ
is an index set with |Λ| ≥ 2 and 0 6= wλ ∈ M for each λ ∈ Λ. If Spec(R) = {M}, then
the only maximal ideal of R/Ann(wλ) is principal for each λ ∈ Λ. Thus by Lemma 2.2,
R/Ann(wλ) is a Noetherian ring and so by Lemma 2.3, R/Ann(wλ) is a principal ideal
ring for each λ ∈ Λ. If Spec(R) 6= {M}, then for each non-maximal prime ideal P of R,
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there exists λ0 ∈ Λ such that wλ0 /∈ P . It follows that
⊕
λ∈Λ\{λ0}
Rwλ ⊆ P . Now by
modular property we have
P = P ∩M = (P ∩Rwλ0)⊕ (
⊕
λ∈Λ\{λ0}
Rwλ).
It follows that Pwλ0 = (P ∩Rwλ0)wλ0 . Also since λ0 /∈ P , P ∩ Rwλ0 = Pwλ0 and hence
Pwλ0 = (Pwλ0)Rwλ0 . Now by Lemma 2.8, Pwλ0 = 0, since Pwλ0 is a direct sum of
cyclic R-modules. Therefore, P =
⊕
λ∈Λ\{λ0}
Rwλ. Thus we conclude that Spec(R) =
{
⊕
λ∈Λ\{λj}
Rwλ | wλj /∈ Nil(R)}. This shows that for each λ ∈ Λ, all prime ideals of
R/Ann(wλ) are principal. Thus by Lemmas 2.2 and 2.3, R/Ann(wλ) is a principal ideal
ring for each λ ∈ Λ.
(2)⇒ (3). Assume thatM is cyclic and soM = Rx for some x ∈ M. If Spec(R) = {M},
then the proof is complete. If Spec(R) 6= {M}, then for each non-maximal prime ideal P
of R, x /∈ P $ M. Thus Px = P and so Px = Px(Rx). By hypothesis R/Ann(x) is a
principal ideal ring and so Px is principal. Thus by Lemma 2.8, Px = 0 and so P = 0.
Now assume that M is not cyclic and so M =
⊕
λ∈ΛRwλ such that |Λ| ≥ 2 and
R/Ann(Rwλ) is a principal ideal ring for each λ ∈ Λ. If Spec(R) = {M}, then the proof is
complete. If Spec(R) 6= {M}, then for each non-maximal prime ideal P of R, there exists
λ0 ∈ Λ such that wλ0 /∈ P . This implies that
⊕
λ∈Λ\{λ0}
Rwλ ⊆ P . Thus by modular
property, P = P ∩M = (P ∩Rwλ0)⊕ (
⊕
λ∈Λ\{λ0}
Rwλ) and so Pwλ0 = (P ∩Rwλ0)wλ0 .
Also P ∩ Rwλ0 = Pwλ0 , since λ0 /∈ P and Pwλ0 = Pwλ0(Rwλ0). But Pwλ0 = P ∩ Rwλ0
is principal, since R/Ann(wλ0) is a principal ideal ring. Thus by Lemma 2.8, Pwλ0 = 0
and so P =
⊕
λ∈Λ\{λ0}
Rwλ. Thus we conclude that
Spec(R) = {M} ∪ {
⊕
λ∈Λ\{λj}
Rwλ | wλj /∈ Nil(R)},
and hence every prime ideal of R is a direct sum of at most |Λ| cyclic R-modules.
(3)⇒ (4) is clear.
(4)⇒ (1) is by Lemma 2.9. 
Also, the following result is an answer to the question ”What is the class of local rings
(R,M) for which M is finitly generated and every prime ideal is a direct sum of cyclic
modules?”
Corollary 2.11 Let (R,M) be a local ring. Then the following statements are equivalent:
(1) R is a Noetherian ring and every prime ideal of R is a direct sum of cyclic R-modules.
(2) M =
⊕n
i=1Rwi and R/Ann(wi) is a principal ideal ring for each 1 ≤ i ≤ n.
(3) Every prime ideal of R is a direct sum of at most n cyclic R-modules.
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(4) R is a Noetherian ring and every prime ideal of R is a summand of a direct sum of
cyclic R-modules.
Proof. The proof is straightforward by Theorem 2.5 and Theorem 2.10. 
Next, we greatly improve the main theorem above (Theorem 2.10) in the case R is a
Noetherian local ring. In fact, we establish the following result which state that, to check
whether every prime ideal in a Noetherian local ring (R,M) is a direct sum of (at most
n) principal ideals, it suffices to test only the maximal ideal M. We note that this is also
a generalization of the Kaplansky Theorem in the case R is a Noetherian local ring.
Theorem 2.12. Let (R,M) be a Noetherian local ring. Then the following statements
are equivalent:
(1) Every prime ideal of R is a direct sum of cyclic R-modules.
(2) M =
⊕n
i=1Rwi and R/Ann(wi) is a principal ideal ring for each 1 ≤ i ≤ n.
(3) The maximal ideal M is a direct sum of n cyclic R-modules.
(4) Every prime ideal of R is a direct sum of at most n cyclic R-modules.
(5) Every prime ideal of R is a summand of a direct sum of cyclic R-modules.
Proof. (1)⇒ (2) and (4)⇒ (5)⇒ (1) are by Theorem 2.10.
(2)⇒ (3) is clear.
(3)⇒ (4). IfM = Rx is a cyclic R-module, then by Lemma 2.3, R is a principal ideal ring.
Assume thatM =
⊕n
i=1Rwi where n ≥ 2. If Spec(R) = {M}, then the proof is compleat.
Thus we can assume that Spec(R) 6= {M} and suppose that P $M is a prime ideal of R.
Without loss of generality, we can assume that, w1 /∈ P . This implies that
⊕n
i=2Rwi ⊆ P .
Now by modular property we have P = P ∩M = (P ∩ Rw1) ⊕ (
⊕n
i=2Rwi), and hence
Pw1 = (P ∩ Rw1)w1. Also, P ∩Rw1 = Pw1 since w1 /∈ P . Thus Pw1 = (Pw1)Rw1, and
so by Lemma 2.8, Pw1 = 0. Therefore, P =
⊕n
i=2Rwi. 
Remark 2.13. Let R = R1×· · ·×Rk where k ∈ N and each Ri is a nonzero ring. One can
easily see that, each prime ideal P of R is of the form P = R1 × · · · ×Ri−1 × Pi ×Ri+1 ×
· · · × Rk where Pi is a prime ideal of Ri. Also, if Pi is a direct sum of Λ principal ideals
of Ri, then it is easy to see that P is also a direct sum of Λ principal ideals of R. Thus
the ring R has the property that whose prime ideals are direct sum of cyclic R-modules if
and only if for each i the ring Ri has this property.
We are thus led to the following strengthening of Theorem 2.10.
Corollary 2.14. Let R = R1 × · · · × Rk where k ∈ N and each Ri is a local ring with
maximal ideal Mi (1 ≤ i ≤ k). Then the following statements are equivalent:
(1) Every prime ideal of R is a direct sum of cyclic R-modules.
8
(2) For each i, Mi =
⊕
λi∈Λi
Rwλi and R/Ann(wλi) is a principal ideal ring for each
λi ∈ Λi.
(3) Every prime ideal of R is a direct sum of at most |Λ| cyclic R-modules, where Λ =
max{Λi | i = 1, . . . , k}.
(4) Every prime ideal of R is a summand of a direct sum of cyclic R-modules.
Proof. The proof is straightforward by Theorem 2.10 and Remark 2.13. 
We conclude this paper with the following interesting example. In fact, the following
example shows that the corresponding of the above result in the case R =
∏
λ∈ΛRλ where
Λ is an infinite index set and each Rλ is a local ring (even if for each λ ∈ Λ, Rλ ∼= Z2), is
not true in general.
Example 2.15. Let R =
∏
λ∈Λ Fλ be a direct product of fields {Fλ}λ∈Λ where Λ is an
infinite index set. Clearly, I =
⊕
λ∈Λ Fλ is a non-maximal ideal of R. Thus there exists a
maximal ideal P of R such that I $ P . It was shown by Cohen and Kaplansky [6, Lemma
1] that P is not a direct sum of principal ideals.
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